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Abstract—A simplified solution of a twodimensional problem on a set of interaction shear fractures with
Coulomb friction along their faces is proposed. In the classical statement of this problem, the equality
between tangential stresses and friction stresses must necessarily hold in a new equilibrium state at each point
along the fracture plane. The solution of the problem is reduced to the solution of a set of singular integral
equations with respect to unknown functions of a shear jump on fractures. In reality, our knowledge of rupture
conditions is rather approximate. In addition, in the problems of seismology and tectonophysics it is suffi
cient to approximately estimate dynamic (taking into account the inertia forces) and static perturbations from
a fracture in the form of the first terms of a true solution series. With this aim in view, point models of an earth
quake source or continual representation of discontinuous deformations are used. Within the framework of
the requirements of such approaches, it is assumed that the condition of equality between the sum of tangen
tial stresses and friction stresses on the shear fractures in a new equilibrium state is met. In addition, the com
plex potential function is calculated for each fracture based on the function of the jump of its face shears
obtained in the problem for a solitary fracture. Such statement of the problem of a set of neighboring and even
intersecting fractures makes it possible to reduce its solution to a set of linear algebraic equations with respect
to tangential stresses relieved at each fracture and the average along its length, they being the unknown values.
DOI: 10.1134/S1028334X10120317

Two statements of the elasticity theory problem on
shear fractures is possible, namely specification of the
function of the jump of fracture face shears (the theory
of dislocation) and specification of stresses at infinity
and the conditions of contact in the form of friction at
the fracture faces. The first type of problem statement
requires a priori specification of shears on fractures,
which is a problem in the case of a set of interacting
fractures. Within the framework of elasticity theory,
the second type of problem statement for a set of
neighboring fractures is reduced to the solution of a set
of singular integral equations with respect to the
unknown functions of a shear jump on fractures that
requires large computational capabilities. In a recent
paper, an approximate analytical solution of a two
dimensional problem on a set of interaction shear
fractures with Coulomb friction along fracture faces is
proposed. Specification of the type of function of the
fracture face shear jump is a simplifying assumption.
In this case, the shear amplitudes are the unknown
values and their determination for a set of simulta
neously or successively activated shear fractures is
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reduced to a set of linear algebraic equations. The
statement of the problem in such a form is a combina
tion of the two abovementioned statements. Such an
approach corresponds to proximity of our knowledge
on the rupture conditions in rock massifs. In addition,
in the problems of seismology and tectonophysics, it is
often sufficient to approximately estimate dynamic
(taking into account inertia forces) and static pertur
bations in the form of the first terms of the true solu
tion series.
Rock massifs are a media containing many flaws in
the form of earlierformed and partially healed frac
tures. Under loading conditions, these fractures can
again activate releasing a part of the internal energy
accumulated in elastic deformations in the rock. Since
a stressed state where compressing stresses are acting is
formed in the rock almost everywhere at the depths of
several hundred meters under the action of body forces
(flanks of hills and open pit mines being an exception),
activation of large fractures and ruptures with lengths
of more than a few meters lies in the formation of frac
ture face shears.
In the theoretical studies of D. N. Osokina [1] for
twodimensional problems, it was shown that a per
turbed stress field is generated in the vicinity of an acti
vated shear fracture. It substantially distorts the initial
homogeneous stressed state acting here prior to the
fracture face shear. The dimensions of the perturbed
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state region make 3–5 fracture sizes, and this region
has zones with a lowered (with respect to the initial
state) level of deviatory stresses located along the mid
dle part of the fracture and zones with an increased
level of these stresses near the fracture ends. When
investigating real crumbling rock massifs, we face both
the problem of shear formation along the existing
cracks or new ones formed under the conditions of an
initial inhomogeneous stressed state and the problem
of interactions of a set of simultaneously or succes
sively activating fractures. The solution of such prob
lems for cracks with a dry Coulomb friction in the
classical statement as is the case in [2] faces a lot of dif
ficulties when constructing analytical solutions and is
actually reduced to a numerical solution of the prob
lem with the help of finiteelement or finitedifference
methods.
PROBLEMS OF THE CLASSICAL SOLUTION
IN THE THEORY OF FRACTURES
Consider a set n = 1, 2, …, M of neighboring shear
fractures with the surface strength smaller than that of
the massif beyond the fractures (Fig. 1). The two
dimensional problem of mechanics [4] with the initial
inhomogeneous stressed state determined by the
external conditions of loading and previous deforma
tion stages is analyzed. A particular case of this initial
state is the homogeneous state specified at an infinite
distance by some quantities and the orientation of two
principle stresses. We assume that this initial stressed
state and the strength parameters along each fracture
of the considered set are such that they predetermine
simultaneous reaching of the limiting state after which
fractures activate. Activation of each fracture lies in
the appearance of shears of its faces in opposite direc
tions without an increase in the initial fracture length
and variations in the positions of its ends. The follow
ing limit equation

0

0

xn ≤ Ln ,

y n = 0 and σ yy ( x n, y n ) ≤ 0,

σ xy ( x n, y n ) = τ s – k s σ yy ( x n, y n ) at

(1)

0

which specifies the interaction of tangential stresses
with the surface strength limit along the entire fracture
length, can be considered as one of the versions of such
a limiting condition. Here τ s and k s are the limit of the
surface adhesive strength and the coefficient of static
surface friction, respectively, and σ 0yy( x n,0) and
σ 0xy( x n,0) are the normal (negative compressing
stresses) and, respectively, tangential stresses acting
along the nth fracture with the length of 2Ln till its
activation and written in its local coordinate system
(Fig. 1).
These shears yield a decrease in tangential stresses
acting along the fracture faces. A new equilibrium
state is determined meeting the following condition on
each fracture

σ1xy(x n, y n) = −kkσ1yy(x n, y n) at x n ≤ Ln , y n = 0 , (2)
which puts the stresses of kinematic surface friction
σ1xy( x n,0) in accordance with a new level of tangential
stresses kkσ1yy( x n,0) (k k < k s ).
Relieved tangential stresses Δτ n for the nth frac
ture are determined as the difference of tangential
stresses of the initial σ 0xy( x n,0) and the end σ1xy( x n,0)
stressed states:

Δτ n = σ xy(x n,0) − σ xy(x n,0) =
0

1

(3)

= σ xy(x n,0) − kkσ yy(x n,0).
0

1

When solving the problem for such a set of simulta
neously activated fractures, it is also possible to use
complex Kolosov–Mushelishvili potentials [5] in the
form
iμ
Φ n(z n) = −
(1 + κ) π

Ln

g n'( r )

∫ r−z

−Ln

dr .

(4)

n

Here, µ is the shear modulus, κ = 3 − 4 ν and κ =
3 – ν are in the problem of the plane stressed and

1+ν
deformed state, respectively, where ν is the Poisson
ratio. Its own complex potential Φn(zn) will corre
spond to each fracture n, and zn = xn + iyn is the com
plex variable of the local coordinate system. This
potential determines the contribution of the shear
jump gn(xn) along the faces of the given fracture to the
total stressed state. The sought normal and tangential
stresses are determined through these complex poten
tials [3]:
0
0
σ xx + σ yy = 2 ⎡⎣Φ(Z) + Φ(Z)⎤⎦ + σ xx + σ yy ,
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σ yy − σ xx + 2iσ xy
= 2 [ Z Φ '(Z) + Ψ ( Z)] + σ 0yy − σ 0xx + 2iσ 0xy

(5)

M

at Ψ(Z) = −2Φ(Z) − Z Φ '(Z) and Φ(Z) =

∑Φ(Z).
n=1

Here, Z is a complex variable of the global coordinate
system (Fig. 1) and the stresses with the superscript “0"
correspond to the initial ones.
Application of Eqs. (4) and (5) together with con
dition (2) makes it possible to reduce the problem
solution to a set of singular integral equations [3] with
unknown shear jumps gn(xn) for the analyzed system of
fractures:
Ln

2μ
– 
( 1 + κ )π

∫

–Ln

g 'n ( r )

 dr
r – zn
(6)

m = 1 , 2 , …, M
0

∑

0

= sgn 〈 σ xy〉 n Δτ n +

Δτ nm

m≠n

at x n ∈ L n ,

n = 1, 2, …, M.

Here, Δτ 0n in the righthand side of Eq. (6) determines
the relieved stresses along the crack n under the
assumption that the neighboring fractures are at an
infinite distance from it, and Δτ nm characterizes the
contribution into relieved stresses on the same fracture
n owing to activation of the neighboring fraction m and
contains an unknown shear jump gm(xm). This param
eter depends on the contribution of shears along the
mth fracture into tangential Tnm and normal Nnm
stresses along the plane of the crack m

Δτ nm = Tnm − k s N nm at N nm ≤ 0,

(

)

N nm = 2Re ⎡⎣ 1 − e 2iφnm Φ m( Z nm)⎤⎦ +

(7)

⎡
d Φ ( Z )⎤
+ Re ⎢e 2iφnm( Z nm − Z nm) m nm ⎥
dZ nm ⎦
⎣
The coefficient sign σ 0xy in Eq. (6) takes into
n
account the direction of the shear along the fracture.
The variable Znm in Eqs. (7) is a coordinate of the point
zn belonging to the nth fracture written in the local
coordinate system associated with the mth fracture.
Moreover, φ nm is the angle between positive directions
of the axes xn and xm of the local coordinate systems
xnOyn and xmOym at the positive values counted coun
terclockwise from the xmaxis (Fig. 1).
Since the complex potentials Φm(Znm) in Eqs. (4)
depend on the unknown fracture shear jumps, set of
equations (6) contains singular integrals and the Fred
holm integrals. This set of equations is difficult for
constructing an analytical solution and requires appli
cation of numerical methods.
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In the case of a single shear fracture with friction on
its faces that activates in a homogeneous stress field,
normal stresses before and after its activation remain
constant, namely σ 0yy(x n,0) = σ1yy( x n,0) = const [6].
This very peculiarity of the condition on a fracture
makes it possible to derive an analytical solution for a
single fracture in a sufficiently simple form.
In the case of a set of simultaneously activating
fractures, the normal stress on the fracture plane
determining the level of tangential stresses in a new
equilibrium state does not change owing to the self
shear of faces of each fracture. However, the existence
of neighboring active fractures yields variations in
these stresses. Thus, owing to crack interactions, nor
mal stresses along their planes cannot be considered to
be similar to those that acted at the initial stage
1
0
( σ yy (xn, 0) ≠ σ yy (xn, 0) at |xn| ≤ Ln). It should be noted
that the condition for reaching a new equilibrium state
at each fracture (condition (2)) depends not only on
the shear amplitude of faces of this fracture but on
shear on neighboring fractures as well. Only partial
analytical solutions, e.g., two collinear fractures, are
known for this problem statement [6] (solution of V.N.
Friedman).
THE STATEMENT OF A SIMPLIFIED
BOUNDARYVALUE PROBLEM
OF THE FRACTURE THEORY
The complexity of constructing an analytical solu
tion for a set of simultaneously activating fractures is
related to the appearance of integrals containing shear
jumps along neighboring fractures in the righthand
side of set (6). It yields variability of normal stresses
along the plane of each fracture and, as a result, tan
gential stresses at the stage of reaching a new equilib
rium state. The effect of nonuniform distribution of
stresses along the fracture plane on the solution result
is related to selection of conditions on the fracture
faces in the form of Eq. (2).
It is proposed to rewrite conditions (2) relating the
process of reaching a new equilibrium state along the
fracture faces with the integral conditions so that the
sum of tangential stresses over the rupture area
reached the sum of friction stresses on the same area.
It means that conditions (2) are to be rewritten for
average normal and tangential stresses acting along the
fracture n
σ xy( x n,0)
1

= − kk σ yy( x n,0)
1

n

n

at

|xn| ≤ Ln.

(8)

Triangular brackets ⋅ n mean that, instead of the
bracketed quantity, we take its average value along the
nth fracture length. Here, in the general case we have
σ 0yy(x n,0) ≠ σ1yy(x n,0) . Note that limit equation (1)
n
n
can also be represented in the form of average values.
The condition for reaching a new equilibrium state
along fractures in the form of Eq. (8) makes it possible
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Fig. 2. An example of application of the presented approach to a system of fractures corresponding to the horizontal shifting zone
(Riedel shear): (a) fracture positioning schematic (thin line is a shifting axis) and orientation of the axes of principle stresses of
the initial homogeneous stress field; (b) the field of maximal tangential stresses in the zone of horizontal shifting (see comments
in the text). A thin isoline corresponds to maximal tangential stresses, which are equal to 1 for the initial stress field (a vertical
black dash on the value scale).

to specify the shear jump function and the complex
potential in the form corresponding to the solution of
the problem for a solitary fracture:
Δτn(1 + κ) 2
0
2
g (x n) = sign σ xy
Ln − x n
n
2μ
(9)
at x n ≤ Ln,

⎞
iΔτn ⎛
z
⎜1 − 2 n 2 ⎟⎟ .
n 2 ⎜
z n − Ln ⎠
⎝
Here, Δ τn are the unknown relieved tangential stresses
along the nth fracture.
In contrast to the abovementioned classical solu
tion, the unknown values in such problem statements
are not shear jumps on the fracture but average
relieved stresses. According to Eq. (8), let us integrate
set (6) for each fracture n and, using Eqs. (7) and (9),
come to a set of linear algebraic equations for the
unknown Δ τn :
Φ n(z n) = sign σ 0xy

0
0
1
Δτ n = sgn 〈 σ xy〉 n Δτ n + 
2L n

m≠n

∑

Δτ m

m = 1, 2, …, M

⎧
2iφ
B nm + A nm
× ⎨ Re e m ( 2L n – A nm ) – 

2
⎩
– k k Im ( 1 – e

2iφ nm

B nm + A nm ⎫
) ( 2L n – A nm ) + 
 ⎬ ,
2
⎭

(10)

at

Anm = e −iφnm [Fm ( Ln ) − Fm ( −Ln )],
Bnm
=e

2
iφ nm ⎛ Lm

⎜
⎝

− Z nm(Ln)Z nm(Ln) L2m − Z nm( −Ln)Z m(−Ln)⎞,
−
⎟
Fm(Ln)
Fm( −Ln)
⎠
2
(± Ln ) − L2m
Fm ( ± Ln ) = Z nm
0
(−Z mn

iφ n

,

−iφ m

Z nm(±Ln) =
± Lne )e .
Having obtained relieved stresses for each fracture
from set (10) and using the sum function of the poten
tial Φ(Z) (see Eq. (5)), it is possible to calculate the
parameters of a perturbed stressed state formed owing
to simultaneous activation of a set of shear fractures.
In case fractures are activated successively rather
than simultaneously (after checking for modified in
the form of condition (1) on average)), Eq. (10) makes
it possible to calculate relieved tangential stresses on
each of these fractures.
Simplifying statements for the Coulomb correla
tions written along the fractures for average stresses are
used at present in seismology for estimating dynamic
parameters of earthquakes within the framework of a
source point model [8]. In addition, we have approxi
mate ideas on the conditions at the faces of fractures
that are tens and thousands of kilometers long. Some
times it is sufficient in the first approximation to eval
uate the effect of ruptures on the stressed state of the
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Earth’s subsurface, and, thus, we replace rupture
shears with continual deformations. As far as the study
of the mutual effect of shear ruptures in natural objects
(foreshock and aftershock sequences) and the study of
tectonics of strongly crumbled geological objects are
concerned, the proposed solution probably meets the
requirements to the accuracy of the source data on
ruptures and the data on the initial field of tectonic
stresses.
As an example of implementation of the proposed
approach, Fig. 2 shows the results of calculations of
maximal tangential stresses for a train of shear frac
tures forming in the regions of horizontal shifting (R
and R', Riedel shear). The initial stressed state was
homogeneous with a 45° orientation with respect to
shifting and was characterized by the following values:
σ30 = − 3 , σ10 = − 1, the kinematic friction coefficient
was taken as zero. The fractures have two different
sizes, namely L1 = 2 and L1 = 0.5, and the angles with
a shifting axis were 15° and 75°, respectively. It is
apparent from Fig. 2 that the zones of location of dif
ferent types of fractures (R is fractures of the left shear,
R is fractures of the right shear) are the regions of low
ered maximal tangential stresses with respect to the
initial stress fields (R' shear). However, at a certain
ratio of their positions and distances between them,
there appear vast sections of increased deviatory
stresses (Rshears) in these zones. The relieved stresses
for a fracture of a smaller size and the contribution to
the perturbed state depend on their positioning with
respect to relatively larger fractures. The average tan
gential stresses τ relieved on each fracture are listed in
the table:
No.

1

2

3

4

5

6

τ

–1.01

–0.79

–0.90

–0.88

–0.92

–1.04

№

7

8

9

10

11

12

τ

0.88

0.73

0.72

0.85

0.66

0.96
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Solution (1) presented in the present paper corre
sponds to a symmetric shear jump on each fracture
(see Eq. (9)), and we consider it as the first term in the
series the sought stressed state perturbed by activating
fractures can be expanded to. However, this approach
makes it possible to take into account the second term
of the series responsible for skew symmetry by intro
ducing a term with a linear dependence on the coordi
nate to the equation for a shear jump. Our analysis
shows that these two terms are sufficient for investigat
ing the stressed state of crumbled massifs for the prob
lems of seismology and hydrophysics.
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